A general construction of the Holst action is discussed. Based on this, the N = 1, 2, 4, 8 supergravities and N = 1 supergravities with matter coupling are presented. It is shown that in all this cases the Immirzi parameter does not influence the field equations. The construction ensures that the theory is invariant under supersymmetry as well as gauge transformations, but the Holst extension breaks parity.
Introduction
The Holst action is an action used as a starting point to quantize gravity in theories employing real SU (2) connection. In fact, Holst term is much older then Holst action formulation or even the Loop Quantum Gravity (LQG). It was first presented in [1] as a possible extension of the Hilbert-Einstein action invariant under gauge symmetries (e.g. Lorentz and diffeomorphisms symmetries) but breaking parity whenever the torsion is present. It turns out that the extension of the Lagrangian density R by the term ǫ µνρσ R µνρσ which is proposed in this article is the only possible extension linear in R in the Einstein-Cartan framework. It was suggested at the end of [1] that it would be interesting to extend the results to the supersymmetric case. Such extension is presented at this work.
The minimal/non-minimal coupling of the matter fields with spin-1/2 was already studied in the Holst action framework by several authors [2, 3] . It was shown that the term with Immirzi parameter becomes dynamical i.e. it appears in the equation of motion (e.o.m.) and the parity is violated as expected. However, in [4] it has been shown that there is a coupling of fermions to the Holst action which does not affect the equations of motion a . In spite of the interest in coupling fermions to the theory, the supersymmetric Holst action was studied only in [5] as an extena In the Ref. [4] it was shown that the Holst action can be rewritten as d 4 x (N Y + ∂µJ µ ), where N Y is the Nieh-Yan topological invariant and J µ is a current of matter field. This property is more general and can be extended for derivations contained at this work. This turns out to be equivalent to the argument that if we take into account the terms quadratic in contorsion in the dynamical part of the action as well as in the Holst term (see Appendix A), the Immirzi parameter is not dynamical.
sion of the Holst bosonic Lagrangian or in the [6] where the supersymmetric Holst action was obtained as a result of super-BF theory with constrains b . In both cases it turned out that the Holst term does not influence the e.o.m. As this work shows, these properties are general features of supersymmetric theories.
To clarify some misunderstanding in the role of the Holst term and Immirzi parameter, this paper will first recall the way of constructing Holst term, then will shortly present the role of the Immirzi parameter. The last part of this section is devoted to rudiments of general theory concerns the construction of the general parity violation term, based on the torsion equation. In the second part of this work the construction for higher supersymmetry will be presented and the super-Holst action N = 1 will be coupled, using the Noether method, to scalar-spinor-1/2, Maxwell and Yang-Mills multiplet.
Appearance of Immirzi parameter in General Relativity
The Immirzi parameter was introduced by Barbero [7] 
Barbero and Immirzi pointed out [7, 8] , that there exist a cannonical transformation of variables
which results in a single non vanishing Poissone brackets
The parameter γ is called Immirzi parameter and its presence ensures that the theory has a Lorentzian signature as long as γ = 1 (which is Euclidean case). If one sets γ = ±i then one reconstructs the original Ashtekar self/anti-self dual variables [9] . For γ ∈ R − {0} the variables are real.
b super-BF theory of the MacDowell-Mansouri type c Immirzi parameter is also named as Barbero-Immirzi parameter to honor both authors. d The group SU (2) is double covering of the group SO(3, 1).
The Immirzi parameter also appears in a more general context in [10] , where it was shown that by using the most general inner product on Lie algebra so(3, 1) 5) and identifying (c 0 , c 1 ) = (1, 1 γ ), one gets a theory, that includes the Immirzi parameter e .
Holst action
An action which leads to Barbero formulation in Hamiltonian framework [7] is the action proposed in [11] f S = 1 αG ee
This action was proposed earlier [1] in the form
where G P ∼ γ governs the parity violating interaction.
Observe that the action (3.1) is based on the Barbero connection. One can take a variation of action
In the case where β = ±i one can recognizes the Ashtekar connection. If one uses the space-time decomposition of connection, i.e.
and inserts it to the action, then it is easy to see that action depends exactly on the Barbero connection
with the identification
e More precisely the Holst action (which is presented in section 3) with boundary terms. f The α was introduced for simplification as it is a numerical factor.
General construction of the Holst term
The construction of connection (3.4) suggests how the Holst term is constructed. It is built from terms belonging to the torsion equation i.e. from e.o.m. calculated under variation δ ω , multiplied by 1 γ ⋆. The torsion equation has the following general structure
The tensor K µ IJ is called contorsion and is defined as a difference between torsion and torsion-free connection
In terms of spin connection it can be rewritten as
The contorsion K µν λ can be obtained from
and can be expressed in term of torsion as
The Holst term can be constructed from torsion and contorsion tensor by the following contractions
It arises from the (3.4) that a variation with respect to ω is
If one restricts oneself to a theory linear in R and without any second covariant derivatives, the most general object of 3 indices (2 space-time and 1 internal) which can be contracted via ǫ µνρσ and gives the second part of (4.7)
is exactly (4.6).
There are some comments on this construction. First, if matter fields are not included to Lagrangian, there is no torsion [1] . In the other words the torsion is antisymmetric in lower indices and there is no contorsion term K λµν = 0. To get dynamical torsion, due to the fact that torsion couples to spin and gravity field has spin-2, one can express contorsion field in a term of scalar field
and ensure that this equation will be satisfied by adding it to the action via Lagrange multiplier. However this procedure does not break parity symmetry [1] . In the case of matter field the term (4.6) bieng a pseudoscalar breaks parity. Second comment is that there exist much more terms quadratic in contorsion which can be added to the action (see [1, 12] ), even the terms added in nondynamical manner, which results in the dynamical torsion i.e. terms with second derivatives of K or equivalently, terms quadratic on the derivatives of K [1,13].
Supersymmetric N = 1, 2, 4, 8 Holst action
Based on the construction (4.6), the supersymmetric extension g of the Holst action can be easily constructed and classified h . In the case of supergravity (SUGRA) expression in (4.1) is called "super torsion"
i . 
g The action and torsion equation for case N = 8 can be found in [14] h The terms agree with published in [6] for SUGRA N = 1 and in [5] for SUGRA N = 1, 2, 4. 6. Coupling matter to SUGRA N = 1
Matter can be coupled in the supersymmetric manner i.e. in the way which ensure that the Lagrangian will be invariant under supersymmetric, Lorentz and diffeomorphisms transformations. The method of coupling is called the Noether method and details can be found in [15, 16, 17] . The brief review of the method [17, 16] for the scalar-spin-1/2 multiplet based on consideration of Wess-Zumino Lagrangian which is scalar-spinor-1/2 theory with global supersymmetric invariance
where A is scalar, B is pseudoscalar and χ is spin-1 2 spinor. If one replaces a global supersymmetric invariance with local, the coupling term, accurate to second order in coupling constant κ, can be expressed as
and the supersymmetric transformation, accurate to first order in κ, are
The total Lagrangian of supersymmetric gravity coupled to scalar multiplet is
The equation of torsion can be calculated from (6.9) as
Using the construction (4.6) the Holst term reads
One can couple the Maxwell field using exactly the same procedure [17] . The action for coupled abelian field in supersymmetric way is
One can recognize the two connections, a spin connection and an abelian connection, but the impact to super torsion equation is given only by a spin connection and it looks exactly the same as (6.10).
If one considers a Yang-Mills multipled given by the Lagrangian
than immediately will see, that using non-abelian matter fields instead of abelian do not influence to torsion equation (6.10) . Therefore, it is a general observation that Holst term in the scalar-spin-1/2, Maxwell and Yang-Mills theory has the same form of (6.11).
General Theory for SUGRA
It is possible to formulate general theory, which is valid for any supersymmetric matter couple to SUGRA N=1 and for any higher SUGRA (N=1,2,4,8). Proof. The torsion equation has a general form
where N is a number of different matter sources present in a theory. Using the construction (4.6) the Holst term reads
One can notices that any arbitrary infinitesimal variation of this Lagrangian
vanishes according to torsion equation (7.1).
Conclusion
One can realize that in the supersymmetry theories the terms depending on Immirzi parameter are not dynamical. This result is much different from many works on coupling spinor fileds to gravity [2, 3] . Therefore, the understanding of the difference is very instructive. Usually, the strategy of coupling matter field to Holst action is based on adding the matter Lagrangian with some coupling constants. The significant is that the matter field does not contribute the Holst action. If one calculates the torsion equation then immediately realizes that it has some impact to torsion-free connection i.e. contorsion, and contorsion depend on the Immirzi parameter. Solution of this equation gives the new connection (4.3), which contribute to action by some additional terms (see (A.3) in the Appendix) e.g. K µνρ K µνρ , which appear in e.o.m. Strategy presented in this work assumes that the Holst term is constructed according to construction (4.6), which ensures that Holst term will be supersymmetric (using Theorem 1), as the theory without Holst term has to be supersymmetric by itself. Then if super torsion equation is calculated, contorsion tensor will not depend on Immirzi parameter anymore. Therefore, the action with additional terms (A.2, A.3) also does not depend on Immirzi parameter. Thus one can see that the assumption of supersymmetry does not allow appearance of the Immirzi parameter in e.o.m.
However, considering the additional term [1, 12, 13] in the super-Holst action is very interesting according to the interpretation of Immirzi parameter as a regulator of the quantum fluctuations of the vanishing torsion condition. Author leaves this consideration for the future work.
